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1. INTRODUCTION 
A Steiner tripZe system (or more simply a triple system) is a pair (S, t) 
where S is a finite set and t is a collection of three element subsets of S 
(called triples) such that every pair of distinct elements of S belongs to 
exactly one triple of t. The number ( 5’ ] is called the order of the triple 
system (S, t). It is well known that there is a triple system of order n 
if and only if n = 1 or 3 (mod 6) and that if (S, t) is a triple system of 
order n, then 1 t 1 = n(n - 1)/6 [l]. A partial Steiner triple system is a 
pair (P, p) where P is a finite set and p is a collection of three element 
subsets of P such that each pair of distinct elements of P belongs to at 
most one triple of p. Whereas there is the cardinality restriction that a 
Steiner triple system have order n = 1 or 3 (mod 6) there is no such 
restriction on partial triple systems. The partial triple system (P,p) is 
said to be embedded in the triple system (S, t) provided that P G S and 
p C t. In [2], C. Treash proved that a finite partial triple system can be 
embedded in a finite triple system. Treash’s theorem gives a very large 
containing triple system; guaranteeing only that a partial triple system of 
order n can be embedded in a triple system of order no larger than 22n. 
The purpose of this paper is to very much improve this bound. We prove 
that a partial triple system of order n can be embedded in a triple system 
no larger than 6n + 3. An added benefit of the construction given in this 
paper is that it is an astonishingly simple direct construction; unlike 
Treash’s construction, which uses induction. 
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2. EMBEDDING PARTIAL TRIPLE SYSTEMS 
Let (P,p) be a partial triple system of order n. Now define a partial 
binary operation 0 on P as follows 
(1) xox=xforallx~P,and 
(2) if x # y, x 0 y is defined and x 0 y = z if and only if {x, y, z‘, 
is a triple of p. 
It is a routine matter to see that o is well defined and that (P, O) is a partial 
idempotent commutative quasigroup; i.e., x o x = x for all x E P, and 
whenever x 0 y is defiiied then so is y o x, and furthermore x 0 y = y 0 x. 
In [3], Allan Cruse has shown that a partial idempotent commutative 
quasigroup of order n can always be embedded in an idempotent commu- 
tative quasigroup of order 2n + 1. So let (Q, 0) be an idempotent 
commutative quasigroup of order 2n + 1 containing the partial quasi- 
group (P, 0). Let S = Q x { 1, 2, 3) and define a collection of triples t 
on S as. follows. 
(1) For each triple (x, y, z} E p, the three triples {(x, l), ( y, I), (z, l)}, 
{(x, 2), (Y, 2), k 2)>, and G 3), (Y, 3), (z, 3)) belong to t. 
(2) For each triple {x, y, z} EP, the six triples listed below belong 
to t. 
Nx, l), (YY 2)9 (z, 3)) Kx, 2)> (Y9 3), (z, 1)) 
{(x3 9, (VP 3)> (4 2)) {(XT 3), (VP UP k 2)) 
Kx, 2), (Y, 0, (z, 3)) {(x, 3)7 (Y7 2), (z, 91. 
(3) If x # y and x and y do not belong to a triple of p, the three 
triples Nx, 9, (Y, 11, (x 0 Y, 2% G 2), (Y, 2), (x 0 Y, 3)h and Kx, 3), 
(Y, 3), (x 0 Y, I>> E t- 
(4) For each x E Q, the triple ((x, l), (x, 2), (x, 3)) belongs to t. 
THEOREM 1. (S, t) is a Steiner triple system. 
Proof. It suffices to show that every pair of distinct elements of S 
belong to at least one triple of t and that / t j = ) S / (1 S j - 1)/6 = 
(6n + 3)W + 2116. 
So let (a, i) and (b,j) be any two distinct elements of S. If i = j and a 
and b belong to a triple of p, then (a, i) and (b, j) belong to a triple of 
type (1) whereas if a and b do not belong to a triple of p, then (a, i) and 
(b,f) belong to a triple of type (3). If i fj, a # b, and a and b belong to 
a triple of p, then (a, i) and (b,j) belong to a triple of type (2) whereas 
if a and b do not belong to a triple of p, then (a, i) and (b, j) belong to 
a triple of type (3). If i fj and a = b, then (a, i) and (b, j) belong to 
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a triple of type (4). On the other hand, by direct count, there are 
3 1 p I triples of type (l), 
6 1 p 1 triples of type (2), 
3[(2rz + 1)(2n)/2 - 3 I p I] triples of type (3), and 
2n + 1 triples of type (4). 
The sum of these numbers is 36~9 + 40n + 6 = (6n + 3)(6n + 2)/6 = 
I S / (I S 1 - 1)/6 = 1 t I. This completes the proof of the theorem. 
If in the above construction we identify each element x in P with 
(x, l), then {x, y, z> EP if and only if ((x, l), (JJ, l), (z, 1)) E t. Hence 
(S, t) contains a copy of (P, p) and we have the following theorem. 
THEOREM 2. A partial Steiner triple system of order n can be embedded 
in a Steiner triple system of order 6n + 3. 
3. REMARKS 
The size of the containing triple system (S, t) given in Theorem 1 is 
a function of the size of the idempotent commutative quasigroup (Q, 0) 
in which (P, 0) is embedded. Quite frequently it is possible to embed 
(P, 0) in an idempotent commutative quasigroup of order smaller than 
2n + 1 which reduces the size of (S, t) accordingly. However, in view 
of the fact that Cruse’s theorem on embedding partial idempotent commu- 
tative quasigroups is the best possible result with respect to the size of 
the containing quasigroup, Theorem 2 is the best possible result that can 
be obtained using the construction given in Theorem 1. Although 
Theorem 2 vastly improves the known bound for embedding partial 
Steiner triple systems it is probably not the best that can be obtained. 
The best possible result would probably be that a partial triple system 
of order n can be embedded in a triple system of order 2k + 1 where k is 
the smallest positive integer greater than or equal to n which is ~1 or 3 
(mod 6). However, after struggling for six years with this problem, the 
author is ecstatic with 6n + 3. 
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